Accurate predictions of pressure surges are crucial in many fluid-line systems. There are several techniques available for modelling flow transients in hydraulic pipelines, offering different advantages and disadvantages and therefore suiting different applications. In this paper four modelling methods are evaluated in terms of accuracy, computational efficiency and flexibility for laminar, single-phase flow in circular, rigid pipes. These are the method of characteristics (MOC), the finite element method (FEM), the transmission line method (TLM), and the rational polynomial transfer function approximation (RPTFA) method, which is a form of modal approximation method. All four methods were implemented in MATLAB/Simulink. It was found that the RPTFA model potentially gives the most accurate solution, while the MOC and TLM models are the most computationally efficient. The FEM is the least accurate out of the four methods, but it can be used with varying parameters and time steps thus providing the most modelling flexibility.
Hydraulic pipeline dynamics are well understood in the frequency domain. However, obtaining the transient response of the system in the time domain requires approximating the hyperbolic functions which represent the frequency-dependent component of friction, f(q). There are several techniques available for solving equations (1) and (2) and approximating friction in the time domain. The four most established modelling methods are the method of characteristics [1] , the transmission line method [2] , the modal approximation method [3] , and the finite element method [4] . It is beyond the scope of this paper to present and discuss these in detail. Here, these four methods are evaluated in terms of accuracy, computational efficiency and fl exibility. To this end, laminar flow transients in a rigid, circular pipeline were simulated in MATLAB. The system under investigation comprised a constant pressure source upstream and a valve downstream of the pipe. Flow transients were generated by instantaneous valve closure.
METHOD OF CHARACTERISTICS
In the method of characteristics (MOC) the equations of motion and continuity are transformed into ordinary differential equations which can then be integrated along the `characteristic lines'. The characteristic lines correspond to the motion of waves travelling at the speed of sound in both directions along a pipe. Friction in pipelines is frequency-dependent and its accurate and correct representation poses one of the biggest challenges in transient flow modelling. Although the steady-state friction component is well defined, the unsteady friction component can only be approximated for time-domain simulation.
Initial work by Zielke [5] provided an accurate solution, but at the expense of a very high computational load. Trikha [6] and Kagawa et al. [7] later evaluated weighting factors for a series of unsteady friction terms, in an attempt to simplify computations. A set of optimised coefficients was obtained by Taylor et al. [8] reducing at the same time the number of unsteady friction terms from five in Trikha's model to four. All three unsteady friction approximations mentioned above were used to simulate the transient response of the system to an instantaneous valve closure. The exact solution that was obtained from an inverse Fourier transform of the analytical response is plotted in figure  1 , along with the steady-state friction. The three error traces are also plotted for comparison. Johnston [9] recently proposed an alternative method of selecting the weighting factors using a geometric series. The number of terms needed depends on the time step, but also on the value of the geometric series ratio. It was found that a model with a ratio of 3 and three terms gives results almost identical to those obtained using the Taylor The transmission line method (TLM) is similar to the MOC. In the MOC a pipeline is divided into a number of elements and pressure and flow propagates between adjacent nodes over one timestep. In TLM, the model only calculates these variables at the ends of a line and not at any internal nodes. Obtaining the correct steady state pressure drop and rate of oscillation decay, however, requires careful modelling. Krus et al. [2] proposed a TLM model where filters are used to approximate the frequency-dependent friction. The system response can then be obtained by introducing characteristics C1 and C2 such that
The Simulink block diagram of the model is shown in figure 3 . The frequency and shape of the predicted pressure waves were found to be very inaccurate. This is shown in figure 4 , where the TLM prediction is compared with that obtained using the MOC. Johnston (5). Here, a recently proposed method by Wongputorn et al. [3] was used which utilises least-squares curve fitting in the frequency domain to match the frequency response of the original TFs to that of rational polynomial TFs over the frequency range of interest. When the rational polynomial transfer function approximation (RPTFA) method is used, it is very important to ensure that the transmission line model is very accurate throughout the modal frequencies of the other components of the system in which the line is an internal part and beyond any input disturbance frequencies, [3] . Different RPTFAs were obtained over different frequency ranges by defining the maximum desired frequency. The latter was varied between 100 rad/s and 2000 rad/s. At 1500 rad/s the TF approximations become inaccurate, and at 2000 rad/s the solution becomes unstable. The frequency response of one of the three TFs needed to model the system and its approximation, as obtained from Wongputorn's MATLAB routine [ 10] , is shown in figure 5 . The plotted approximation was obtained for a maximum frequency of 1000 rad/s. The RPTFA model, incorporating transfer function approximations for frequencies up to 1000 rad/s, was implemented in Simulink.
Because the system is mathematically stiff, the choice of ordinary differential equation (ODE) solver in the Simulink model is critical and an accurate solution cannot always be obtained. The solution often becomes unstable or very inaccurate, depending both on the approximation functions and the solver used. However, when good results were obtained using RPTFA they were found to be more accurate than the solution obtained with the MOC, as illustrated in figure  6 . The phase shift between the exact and the MOC solution, which develops as the wave attenuates, is no longer present in the RPTFA solution.
Inaccuracies in the solver, however, make the RPTFA solution oscillate around the exact signal throughout the simulation.
This behaviour is more evident in the early part of the solution.
The response of the system obtained using the RPTFA method is compared with that obtained using the MOC and the TLM techniques in figure 7. Provided that a stable numerical solution can be obtained using the available MATLAB solvers, the RPTFA model is the most accurate of all the models considered so far. One of its main drawbacks, however, is that numerical solutions are often unstable or oscillatory.
To overcome this problem, more appropriate solvers for this application could be implemented in MATLAB.
Alternatively, different modal approximation methods that are available in the literature could be considered [11] [12] [13] . 
Here, the finite element method (FEM) proposed by Sanada et al. [4] and later extended by Taylor et al. [8] was chosen to simulate the transient response of the transmission line. The FEM model uses an interlaced and unequally spaced grid of alternate pressure and flow nodes. A genetic algorithm was applied by the authors to optimise the node spacing. Grid points are spaced symmetrically about the mid point of the pipeline. The optimisation algorithm minimises the error between the natural frequencies of the model and those of a specific pipeline for the extreme cases of closed and open end conditions. The model incorporates the four-term laminar friction model proposed by Johnston [9] . When the optimised grid is used, the model exhibits a highly oscillatory behaviour during the first moments following the transient. Less severe oscillations are present when the equally spaced grid is used. These die out as the pressure wave attenuates and the shape of the pulsations for the optimised grid is better after the first two cycles. As can be seen from figure 8, the period of the pressure wave is very slightly different for the two cases. is compared with those obtained using the three modelling techniques presented above, namely MOC, TLM, and RPTFA, in figure 9 . While the prediction of the RPTFA model is the one closest to the exact solution, the prediction obtained using the FEM is the least accurate one. However, the FEM was found to be reliable and not prone to instability. 
